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Abstract. This paper is devoted to studying a nonlinear wave equation with boundary conditions 



' of two-point type. First, we state two local existence theorems and under the suitable conditions, we 
. prove that any weak solutions with negative initial energy will blow up in finite time. Next, we give a 
' sufficient condition to guarantee the global existence and exponential decay of weak solutions. Finally, 



we present numerical results. 
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1 Introduction 

In this paper, we consider the following nonlinear wave equation with initial conditions and 
boundary conditions of two-point type 

utt — Uxx + u + ^ut = \u\P~'^u, < X < 1, t > 0, (1-1) 

Ux{0,t) = - \u{0,t)\'''^u{0,t) + XoUt{0,t) + hi{t)u{l,t)+XiUt{l,t), t > 0, (1.2) 

-^^(1,*) = - \u{l,t)f-^u{l,t) + XiUt{l,t) + ho{t)u{0,t) + XQUt{0,t), t>0, (1.3) 

u{x,0) = uq{x), ut{x,0) = ui{x), (1.4) 

where Aq, Ai, Aq, Ai, A, p are constants and uq, ui, /iq, hi are given functions satisfying conditions 
specified later. 
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The wave equation 

utt - Au = f{x,t,u,ut), (1.5) 

with the different boundary conditions, has been extensively studied by many authors, see ([T], [2], [B] 
- [20j) and references therein. In these works, many interesting results about the existence, regularity 
and the asymptotic behavior of solutions were obtained. 

In [16j, J.E. Munoz- Rivera and D. Andrade dealt with the global existence and exponential decay 
of solutions of the nonlinear one-dimensional wave equation with a viscoelastic boundary condition. 

In [T7] - [HI , Santos also studied the asymptotic behavior of solutions to a coupled system of wave 
equations having integral convolutions as memory terms. The main results show that solutions of 
that system decay uniformly in time, with rates depending on the rate of decay of the kernel of the 
convolutions. 

In I^Oj) the global existence and regularity of weak solutions for the linear wave equation 



utt - Uxx + Ku + Xut = f{x,t), < X < 1, t > 0, 

with the initial conditions as in (II. 4p and the two-point boundary conditions 

r Ux{0, t) = hou{0, t) + XoUtiO, t) + hiu{l,t) + Xiut{l,t) + go{t), 
\ -ux{l,t) = hiu{l,t) + Xiut{l,t) + hou{0,t) + XoUt{0,t)+gi{t), 



(1.6) 



(1.7) 



were proved, where /iq, hi, ho, hi, Xq, Xi, Aq, Ai, K, X are constants and no, ui, go, gi, f are given 
functions. Furthermore, the exponential decay of solutions were also given there by using Lyapunov's 
method. 

We note more that, the following nonhomogeneous boundary conditions were considered by Hellwig 
m, P.151): 



aoiu{0,t) + ao2UxiO,t) + ao3Ut(0,t) + /3oin(l,t) + /3o2Ux(l,i) + f3o3Ut{l,t) = fo{t), 

aii'u(0, t) + ai2Wx(0, t) + ai3Ut{0, t) + (3iiu{l,t) + /3i2^iz(l, t) + /3i3'Ut(l, t) = fi{t), 
0,1, j = 1,2,3 are constants and /o(t), /i(i) are given functions. 
Let A = ao2/5i2 — ai2/3o2 7^ 0, (jl.Sp is transformed into 

r Ux{0, t) = hou{0, t) + Aont(0, t) + hiu{l, t) + XiUt{l, t) + go{t), 
\ -ux{l,t) = hiu{l,t) + Xiut{l,t) + hou{{),t) + XoUt{^,t)+gi{t), 
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where Uij, (3ij, i 



(1.9) 



in which 



^0 = ^{Po2au -/3i2aoi), hi = ^(ao2/3ii - au/^oi), 
^0 = s(/^02ai3 - f^uaos), Ai = ;^(ao2/3i3 - auf^os), 
ho = ■2-(ao2aii - «i2aoi), hi = ;^(/3o2/5ii - f^uPoi), 
Xo = ;^(ao2ai3 — 012003), ^1 = ^{^^02(^13 — Puf^os), 
go{t) = i(/3i2/o(t) - (3o2fi{t)), gi{t) = iiaufoit) - 002/1 (*))• 



(1.10) 



The main goal of this paper is to extend some results of [20]. Motivated by the problem of the 
exponential decay of solutions for p.6p - p.7p . we establish a blow up result and a decay result for 
the general problem (jl.ip - ()1.4p . 

In Theorem 3.1, by applying techniques as in |14j with some necessary modifications and with 
some restrictions on the initial data, we prove that the solution of (jl.ip - (|1.4p blows up in finite time. 
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In Theorem 4.1, by the construction of a suitable Lyapunov functional we also prove that the 
solution will exponential decay if the initial energy is positive and small. 

The paper consists of five sections. In Section 2, we present some preliminaries and the existence 
results. The proofs of Theorems 3.1 and 4.1 are done in Sections 3 and 4. Finally, in Section 5 we 
give numerical results. 



2 Existence and uniqueness of solution 

First, we put = (0,1); Qt = O x (0,r), T > and we denote the usual function spaces 
used in this paper by the notations C"" (H) , W^'P = W^'P {Vt) , = W^^p {n) , H"" = W"'''^ (O) , 
1 < p < oo, m = 0, 1, ... Let (•, •) be either the scalar product in or the dual pairing of a continuous 
linear functional and an element of a function space. The notation || • || stands for the norm in and 
we denote by || • ||x the norm in the Banach space X. We call X' the dual space of X. We denote by 
LP{0,T;X), 1 < p < oo for the Banach space of the real functions u : {0,T) ^ X measurable, such 
that 



\u\ 



LP{0,T: 



;X) = (/o < OO for 1 < ;>< oo. 



and 



l^ll^oofo T-x) ~ ess sup for p = oo. 

^ ' ' ' 0<t<T 



Let uit), u'{t) = utit), u"{t) = utt{t), u^{t), u^^it) denote u{x,t), ^{x,t), ^{x,t), ^{x,t), 



du I 



g^{x,t), respectively. 

1 /ii ii2 ii2\^/^ 

On H , we use the following norm \\v\\-^ = ( \\v\\ + \\vx\\ 1 
We have the following lemmas. 

Lemma 2.1. H'^IIcoqo,!]) ^ V^||t;||^ , for all v G H^. 



Lemma 2.2. Let Aq, Ai > and Aq, Ai G R, such that 



Ao + Ai 



< 2VAoAi. Then 



where 



Aox^ + Aiy2 + (Ao + Xi)xy > [x^ + y^) , for all x, y e 



■ (Ao + Ai)2 + 4AoAi 
The proofs of these lemmas are straightforward. We shall omit the details. ■ 

Next, we state two local existence theorems. Wc make the following assumptions: 
Suppose that p, a, /3, A, Aq, Ai, Aq, Ai G M, are constants satisfying 

{Ai) p>2,a>2,/3>2,X>0; 



(2.1) 
(2.2) 



{A2) Ao, Ai > 0, Ao, Ai G M, with 



Ao + Ai 



< 2VA^. 



Let 



(^3) hieH'{0,T), 1 = 1,2. 

Then we have the following theorem about the existence of a "strong solution". 
Theorem 2.3. Suppose that (Ai) — (A3) hold and the initial data {uq, ui) G x satisfies the 
compatibility conditions 



uo(OT~^ «o(0) + Aotxi(O) + /ii(0)no(l) + Aitxi(l), 



-uoxil) = - \uo{l)f~^ M^) + Xiui{l) + /io(0)uo(0) + Ao'Ui(O). 



(2.3) 
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Then problem (jl.ip - ()1.4p has a unique local solution 

( u£L^ {0,n;H^) ,Ut£L^ {0,n;H^) , uu G (0,T,;L2) , 



for > small enough.M 
Remark 2.1. 

The regularity obtained by (12. 4p shows that problem (jl.lh ~ (ll.4p has a unique strong solution 
n G L~ (0, ; F^) n (O, ; //i) n (O, ; L^) , 
uteL^{0,n;H^)n CO (0, T, ; L2) ^ 
n«GL°° (0,T,;L2), 
n(i,-) G (o,r,), i = 0,1. 



(2.4) 



(2.5) 



With less regular initial data, we obtain the following theorem about the existence of a weak 
solution. 

Theorem 2.4. Suppose that (Ai) — (A^) hold. Let {uq,ui) E x L^. 
Then problem (jl.ip - ()1.4p has a unique local solution 



uGC{[0,T,];H^)nCmO,T,];L^), 

for T^: > small enough. 
Proof of Theorem 2.3. 



G (0, T, 



0,1, 



(2.6) 



The proof is established by a combination of the arguments in ^20j. It consits of steps 1-4. 
Step 1. The Faedo-Galerkin approximation. Let {wj} be a denumerable base of H^. We find the 
approximate solution of the problem (jl.ip - (|1.4p in the form 



Um{t) = Cmj{t)Wj, (2.7) 

where the coefficient functions Cmj, 1 < J < m-, satisfy the system of ordinary differential equations 

{u"^{t),Wj) + {Umx{t),Wj^) + {Um{t),Wj) + X {u'^{t) , W j) 

+ (Aon;,(0,i) + hi(t)um{l,t) + Xiu'^{l,t)^ Wj{0) 

+ (Xiu'^,{'^,t) +ho{t)Um{0,t) +Xou'^{0,t)) Wj{l) 



{2.i 



( 



Ur 



^,Wj) + \Um{0,t)\°- Um{0,t)wj{0) 



+ \Um{i,t)f Um{l,t)wj{l), l<j<m, 



Um{0) = no, u'^{0) = ui. 



From the assumptions of Theorem 2.3, system (j2.8p has a solution Um on an interval [0, Tm] C [0, T]. 

Step 2. The first estimate. Multiplying the j^^ equation of (12. Sp by c'^j{t) and summing up 
with respect to j, afterwards, integrating by parts with respect to the time variable from to t, after 
some rearrangements and using Lemma 2.2, we get 



S^{t) < Sm{0) + 2 {\Um{s)\P-\m{s),u'„Xs)) ds 



+2 /J |n^(0, sT-' n„(0, s)u'^{Q, s)ds + 2 /J |n„(l, s)]^"" n™(l, s)n;,(l, s)d 
-2 /q /ii(s)tim(l, s)n^(0, s)(is - 2 /io(s)?im(0, s)n^(l, s)ds, 



(2.9) 
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where 



Sm{t) = \\u'^{t)\f + \\umit)\\l + 2\ + / (^\u„^{0, s)\'^ + \u'^{l, s)f^ ds, (2.10) 



S„^iO) = \\uir + \\uo\\t = So. (2.11) 
Applying the classical inequalities, we estimate the terms on the right-hand side of (I2.9P and obtain 

as 

(2.12) 



Sm{t) <do+di £ (5™(s)) 2 ds + d2 /J {Sm{s)r~' ds 

+d3 /o iSm{s)f~^ ds + d4(T) /o 5„(s)ds, < t < 



where 



' do = 2So, di = 4 {V2y \d2 = -^2"+3^ 



d, = j-2P+\ d,{T) = f 



2 > 1, a - 1 > 1, /3 - 1 > 1. 
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/lO 


+ 




L°°(o,r) 



L°°(0,T) 



(2.13) 



Then, by solving a nonlinear Volterra integral equation (based on the methods in [3]), we get the 
following lemma. 

Lemma 2.5. There exists a constant > depending on T [independent of m) such that 

5„(t) <Ct, VmGN, VtG [0,T,], (2.14) 

where Ct is a constant depending only on TM 

Lemma 2.5 allows one to take constant = T^, for all m. 
The second estimate. 

First of all, we estimate nJ^(O). By taking t = and Wj = ^^^(0) C^*^)' assert 

+ \\\ui\\+ |nor^ 



+ 



(2.15) 



Now, by differentiating (12. 8p with respect to t and substituting Wj = u'^{t), after integrating with 
respect to the time variable from to t, using again Lemma 2.2, we have 



Xm{t) < Xm{0) - 2 /J i^hi{s)u'^{l,s) + h[{s)Um{l,s)j <(0,s)ds 

-2 /g (lio{s)u'^{0,s) + hQ{s)umiO,s)^ u'^{l,s)ds 
+2(a - 1) /g \urn{0, s)|°"^ u^(0, s)uj^(0, s)ds 



(2.16) 



+2(/3 - 1) £ \um{l, s)r' u'^Xh sX(l, s)ds 

+2(P - 1) /o (\Umis)f''^ u'mis), u'Lis)") ds, 



where 



/t ft , . 

2 I/I i2i i2\ 

||u^(s)|| ds + ji^j (^|u^(0,s)| + |u^(l,s)| j ds, (2.17) 

(2.18) 



x„(o) = |K(o)f + llmll? < + ^ xo. 

Estimate respectively all the terms on the right-hand side of (I2.16P leads to 

Xm{t)<dT + 2j'^Xm{s)ds, 



(2.19) 
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where 



dr = 2X0 + f 



(a - l)22"-2c--i + _ i)22/3-2c7^-i 



-{p - lf2P-^TC^^-^ + ^ 



+ 



hi 



(2.20) 



in which (It is a constant verifying the inequahty ^ ||i'|licx)(o t) + ^ ||^^'|Il2(o r) ^ "^T ||^^|| j/i(o t) ' 



By Gronwall's lemma, it fohows from ()2.19p . that 



(2.21) 



Xrr,{t) < dTexp{2T) < Ct, Vt G [0,r,], 

where Ct is a constant depending only on T. 

Step 3. Limiting process. From (j2.10p . (j2.14p . (j2.17p and (j2.2ip . we deduce the existence of a 
subsequence of {um} still also so denoted, such that 

in L°°{0,T^;H^) weakly*, 

in L^{0,T^;H^) weakly*, 

u'l^^u" in L°°(0,T*;L2) weakly*, 

Um{0, ■) u{0, ■) in i?2(0,T*) weakly, 

^ Um{l, ■) ^ u{l, ■) in i?2(0,T*) weakly. 



(2.22) 



By the compactness lemma of Lions ([5j, p. 57) and the compact imbedding H'^{^,T^) m> 
([0,T^,]) , we can deduce from (|2.22p the existence of a subsequence still denoted by {um}-, such 
that 



strongly in L?'{Qt^) and a.e. in Qt*, 

strongly in L?'{Qt^.) and a.e. in Qt*, 
Umii,-) ^ u{i,-) stronglyin {[0,T^]) , i = 0, 1. 
Using the following inequality 



(2.23) 



\y\P-^y\ < {p-l)MP-^\x-y\ , Vx,y G [-M,M], VM > 0, > 2, 



(2.24) 



with M = \/2CV, we deduce from (f2J4]) that 



1^777, 1^ Um. I w| 



< (p - l)MP- 



u\ , for all m, (x,t) G Qt*- 



(2.25) 



Hence, by (|2.23P i . we deduce from (|2.25p . that 

stronglyin L'^{Qt^). 

Passing to the limit in (12. Sp by (I2.22P , (I2.23P , and (I2.26P , we have u satisfying the problem 

{u"{t),v) + Mt),v^) + {u{t),v) +\{u'{t),v) 

+ (Ao'u'(0,t) +7ii(t)n(l,t) + Ai'u'(l,t)) w(0) 

+ (Aiu'(l,t) + /io(t)n(0,t) + W(0,t)) t;(l) 

= {\u\P-'^u,v) + |u(0,t)r~^n(0,t)7;(0) + \u{l,t)f~^u{l,t)v{l), for all u G , 
^ ti(0) = no, ti'(O) = ni. 
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(2.26) 



(2.27) 



On the other hand, we have from (|2.22p i 9 (|2.27P i that 

u^^ = u" + U + An' - \u\P-'^u £ L°°(0, T*; L^) 



(2.28) 



where 



S{t) = \\w' 
It imphes that 



+ 



\wml + 2A /o \\w'{s)f ds + /i. /o {jw'iO, s)\^ + \w'il, ds. 
S{t) < Km /o S{s)ds, 



where 







2 




( 


ho 


+ 






L°°(0,T) 



L°°(0,T) 



+ (a - 1)2Mi^"-4 + (/3 - 1)2Mi'''-^ )+2{p- l)Mf-^ 



(2.29) 



(2.30) 



Thus u G -L°°(0, T*; i^'^) and the existence of the solution is proved completely. 
Step 4. Uniqueness of the solution. Let ui, U2 be two weak solutions of problem - (|1.4|) . 
such that 

r E L~ (0,r,;F2) , u'i^L^ (0,r,;L2) , < E L~ (0,r,;L2) , 
\ ni(0,-), Ui{l,-) eH^0,T,),i = l,2. 
Then w = ui — U2 verifies 

( {w"{t),v) + {w^{t),v.^) + (u;(t), 1-) + A {w'{t),v) 

+ (Aou;'(0,t) + /ii(t)w;(l,t) + Aiu''(l,t)) ^(0) 

+ (Aiu;'(l,t) + ho{t)w{0,t)+Xow'iO,t)^ v{l) 

= {\UI\P-^UI-\U2\P-^U2,V) 

+ [|ni(0,t)r-2^zi(0,t) - |n2(0,t)r-2u2(0,t)] f(0) 

+ [|ni(l,t)|'^-2ni(l,t) - |n2(l,t)|^"^n2(l,t)] v{l), for ah z; E H\ 
{ w{0) = w'{0) = 0. 
We take v = w = ui — U2 in ()2.30p and integrating with respect to t, we obtain 

Sit) < -2 j/^ho{s)w{0,s)w'{l,s)ds -2 Jl^hi{s)w{l,s)w'{0,s)ds 

+2 Jo [|ui(0,s)r"^'ui(0,s) - 1^2(0, s)r-^U2(0,s)] u;'(0,s)ds 

+2 [|ui(l,s)|^-2^i(l,s) - |u2(l,s)|'^-'n2(l,s)] w'il,s)ds 

+ 2 (|ui(^)r2^i(5) - \u2{sr-^U2{s),w'{s)) ds, 



(2.31) 



(2.32) 
(2.33) 



(2.34) 

with Mi = V2 (\\u\\L^(^Q^T,;m) + lbllL-(0,T.;Hi)) • 

By Gronwall's lemma, it follows from ()2.23p . that S = 0, i.e., u = v. Theorem 2.3 is proved 
completely. ■ 

Proof of Theorem 2.4. 

In order to obtain the existence of a weak solution, we use standard arguments of density. 
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Let us consider {uq,ui) G x and let sequences {uom} and {uim} in and i?^, respectively, 
such that 

f uom lio strongly in 

< (2.35) 
I ^ ui strongly in L^. 



So {(uorrn^im)} Satisfy, for all m G N, the compatibility conditions 



UOmx{0) = 
— UOmxi^) 



|^iOm(0)|" ^ nom(O) + Aonim(O) + /ll(0)nom(l) + Ainim(l), 



|'"Om(l)|'' ^ ^tOm(l) + Ainim(l) + /io(0)nom(0) + AoUlm(O). 



(2.36) 



Then, for each m G N there exists a unique function Um in the conditions of the Theorem 2.3. So 
we can verify 

{u'^{t),v) + {Umx{t),Vx) + {Um{t),v) + A {u'^{t),v) 

+ (Aon;,(0,t) + /ii(t)n„(l,t) + Ai<(l,t)) i>(0) 

+ (Ain;,(l,t) + /io(t)n„(0,t) + Ao'"™(0,t)) t'(l) 
= {\um\^-^Um,v) + |n^(0,t)r-2n^(0,t)t;(0) 
+ |ur„(l,t)|''"^Um(l,t)v(l), for ah V G -H'\ 



+ (Ao<,z(0,t) + /Ji(t)u;^,/(l,t) + Ai«;;, ,(l,t)j ^;(0) 

+ (Ai<,;(l,t) + /io(i)^^m,/(0,0 + Ao«^;^,i(0,t)) ^^(1) 
= (|u„|P-2n^ - \ui\P-^ui,v) + [|n^(0,t)r-'n^(0,t) - |ni(0, t)!""' n^O, t)j t;(0) 



+ 



|u^(l,t)|''-2n„(l,t) - \ui{l,t)f-^ui{l,t)\ vil), for ah G H\ 



. W^m,/(0) = Uom - Uoi, w'^ i{0) = Uim - Uu- 



(2.37) 



(2.38) 



and 

n„ G (0, T, ; i/^) n (O, T, ; 1) n (O, ; L^) , 
nj„ G L°° (0, T,-H^)nC'' (0,T,; L^) , 
GL- (0,r,;L2), 
(0,-), u„(l,-) G (0,T,). 
By the same arguments used to obtain the above estimates, we get 

ll<WI|V||tx„(t)||2 + 2A£||n;,(s)f ds + ^./o*(|<(0,s)|V|n:„(l,s)|2)ds<CT, (2.39) 

Vt G [0,T*], where Ct is a positive constant independent of m and t. 

On the other hand, we put 'Wm,i = Um — ui, from (I2.37p . it follows that 



(2.40) 
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We take v = w'^ ^ = u'^ — u'l, in (|2.40p and integrating with respect to t, we obtain 



S.m,i{t) < S.m^i{0) -2 hi{s)wm,i{l, s)w'^ i{0, s)ds - 2 f^ho{s)wni,i{0,s)w'^ i{l,s)ds 
+2 /q \um{0, s)!"""^ Um{0, s) - \ui{0, s)|""^ ui{0, s) w'^ i{0, s)ds 

+ 2/q \Um{l,s)f~'^Um{l,s) -\ui{l,s)\'^^^Ul{l,s) w'^i{l, s)ds 

+2/j;(|^x„(.)r2n^(s)-|nK5)r2nKs),<,(5))d5, 



(2.41) 



where 



Sm,lit) = \\w'^l{t)\\ +\\Wm,l{t)\\l+'^>^ ds + fl^ |u;;„/0,s)| + \w'^/l, s) 



Sm,liO) = \\uim - UilW + ||-Uom " UOlWl ■ 



Hence 



Sm,l{*) < 2 [\\uim -UiiW + \\uom - Uoi\\A + Kt Jq Sm,l{s)ds, 



ds, 

(2.42) 
(2.43) 



(2.44) 



where 



i^T = 2(p-l)M|^-2 + f 



hi 



L°°(0,T) 



+ 



L°°(0,T) 



+ (a - 1)2m2"-4 + (/3 - ifM^^-^ 



with Mt = \/2^. 

By Gronwall's lemma, it follows from (j2.44p . that 

Sm,iit) < 2 (\\uim - uiiW'^ + \\uom " uoiWl] ex.p{TKT), Vt G [0,T^] 



(2.45) 



(2.46) 



Convergences of the sequences {uom}, {uim} imply the convergence to zero (when m, I — )■ oo) of 
terms on the right hand side of (j2.46p . Therefore, we get 



Um^u Strongly in C^{[0,n]; H'^) n C\[0,n]; L"^) 

Umih •) ^ u{i, ■) strongly in H^{0,T^), i = 0, 1. 



(2.47) 



On the other hand, from (|2.39p . we deduce the existence of a subsequence of {um} still also so 
denoted, such that 





-)■ u 


in 




weakly* 


'^m ~ 




in 


L~(0,T,;L2) 


weakly* 


Um{0, •) - 


-^n(0,-) 


in 




weakly, 


'Wm(l, •) - 


-^n(l,-) 


in 




weakly, 


<(o,-)- 




in 




weakly. 






in 




weakly. 



(2.48) 



By the compactness lemma of Lions ([5j, p. 57) and the compact imbedding //^(0,T*) ^ 
C'^([0,T*]), we can deduce from (j2.48P i-4 the existence of a subsequence still denoted by {um}, 
such that 

{Um — ^ u strongly in L'^(Qt*) and a.e. in Qt*, 

(2.49) 
Um{i,-) ^u{i,-) stronglyin ([0, T,]) , i = 0, 1. 
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Similarly, by (|2.25p . we deduce from (|2.49P i . that 



P-^u strongly in L^{Qt,)- (2.50) 



Passing to the limit in ()2.37p by (j2.47p - ()2.50p . we have u satisfying the problem 
I {u'{t),v) + Mt),v^) + {u(t),v) + A {u'{t),v) 

+ (^Aou'(0,t) + /ii(t)n(l,t) + Ain'(l,t)) v{0) 

+ (Ai'u'(1, t) + /Jo(t)n(0, t) + Ao^*'(0, t)) ^^(1) (2-51) 
n(0) = lio, u'{0) = ui. 



\u\'^---u,v) + \u{0,t)\"-^ u{0,t)v{0) + |n(l,t)|^~^'u(l,t)w(l), for all v G F^, 



Next, the uniqueness of a weak solution is obtained by using the well-known regularization proce- 
dure due to Lions. See for example Ngoc et al. [15J . 
Theorem 2.4 is proved completely.B 

Remark 2.2. In case 1 < p, a, (3 < 2, and ho, hi £ L°° (0,r) , {uo,ui) e x , the integral 
inequality (??) leads to the following global estimation 

Sn,{t) < Ct, Vm G N, Vt G [0,r], VT > 0. (2.52) 

Then, by applying a similar argument used in the proof of Theorem 2.4, we can obtain a global 
weak solution u of problem (jl.ip - ()1.4p satisfying 

n G L~ (0, T; H^) , Ut e (O, T; L^) , ^(i, .) ^ i^i (q, T) , i = 0, 1. (2.53) 

However, in case 1 < p, a, /3 < 2, we do not imply that a weak solution obtained here belongs to 
C ([0, r]; H^^ n ([0, T]; L^) . Furthermore, the uniqueness of a weak solution is also not asserted. 

3 Finite time blow up 

In this section we show that the solution of problem (jl.ip - (II. 4p blows up in finite time if 
Ao = Al = A, with 



< \/Ao^) and 

-H{Q) = i \\uif + i ll^zoll? - I \\uo\\% - I |no(0)r - I |uo(1)|^ + /ino(0)no(l) < 0. (3.1) 
First, in order to obtain the blow up result, we make the following assumptions 



{A'2) Ao = Al = A, with 



< VAoAi. 



(A3) /io(t) = hi{t) = h, where /i is a constant satisfies h < ^g_^2) ' 1 ~ min{p, a, /3}; 
Then we obtain the theorem. 

Theorem 3.1. Let the assumptions (Ai), {A'2), {A'^) hold and H{0) > 0. Then, for any (uo,ui) G 
X L^, the solution u of problem (jl.ip - (jl.4p blows up infinite time. 

Proof. We denote by E{t) the energy associated to the solution u, defined by 

m = \ \\u'{t)f + \ \\u{t)\\X - ^ \\n{t)\\l, - i \u(0,tr - ^ Hl,t)f , (3.2) 
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and we put 

H{t) = -E{t) - hu{0, t)u{l, t). (3.3) 
From Lemma 2.1, it is easy to see that 

H{t) > i ||n(t)||^, + i \u{0,tr + ^ Hl,t)\^ - \ \\u'{t)f - + 2 [h\^ \\u{t)\\l . (3.4) 
On the other hand, by multiplying (II. ip by u'{x,t) and integrating over [0, 1], we get 

H'{t) = X\\u'{t)f + |Ao|u'(0,t)f + Ai \u'{l,t)f + 2Xu'{0,t)u'{l,t)^ > 0, G [0,r,). (3.5) 
By Lemma 2.2, we have 

Xo\u'{0,t)f + Xi\u'{l,t)f + 2Xu'{0,t)u'{l,t) > i/i, (^|u'(0,t)p + |u'(l,t)|^) , Vt G [0,r,), (3.6) 
where 

A** = (AoAi - A^^J > 0. (3.7) 



Ao Ai 

Hence, we can deduce from p.Sp . (|3.6p and -fr(O) > that 

0<H{0)<H{t) < l||u(t)||^, + i|u(0,t)r + i|n(l,t)|^, VtG [0,r,). (3.8) 
p a p 

Now, we define the functional 

L{t) = H^-'>{t)+e^{t), (3.9) 

where 

m = {u{t),u'{t)) + ^ Mt)f + ^|n(0,t)|2 + ^\u{l,t)\^ + Xu{0,t)u{l,t), (3.10) 
for e small enough and 

P-2 1 

0<,<^<-. (3.11) 
Lemma 3.2. There exists a constant di > such that 

L'{t) > di (^H{t) + \\u'{t)\\^ + ||n(t)||^, + \u{0,tT + 1^(1,01'') • (3.12) 
Proof of Lemma 3.2. By multiplying (jl.ip by u{x,t) and integrating over [0, 1], we get 

$'(t) = \\u'{t)f + ||n(t)||^, + |n(0,t)r + Hl,t)\^ - \\uit)\\l - 2hu{0,t)uil,t). (3.13) 
By taking a derivative of (|3.9p and using (|3.13p . we obtain 

L'(t) = (1 - 7?)F-nt)F'(t) + e ||tx'(t)f + eh(t)||^, + e (|n(0,t)r + |n(l,t)|'') 

-e\\u{t)\\l - 2ehu{0,t)u{l,t). 
Since (|3.5p . (j3.14p and the following inequality 

-2hu{0,t)u{l,t) >-Ah \\u{t)\\l, (3.15) 

we deduce that 

L'it) > [A(l - r^)H-^i{t)+e] ||n'(t)f + e (h(t)||^, + |n(0,t)r + |n(l,t)|'') 



(3.14) 



e 1 + 4 



(3.16) 
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On the other hand, it follows from (j3.8p and the following inequality 

H{t) < i 11^(011^. + ^k(0,t)r + -pHl,t)f - \ \\v!(i)f - Q - 2 ||n(t)||2 



that 



IhWII? < -^-^ (lln(t)lli. + |n(0,t)r + |^(l,t)|^) , 



(3.17) 
(3.18) 



where q = min{p, a, /3}. 

Combining (j3.16p and (|3.18p . we have 

L'it) > e\\u'{t)r + e[l - |i±i|) {\\u{t)\\l, + |n(0,t)r + Hl,t)f) . (3.19) 

Using the inequality 

II«(OIIlp + 1^(0' or + > 9-H'(0> t > 0, (3.20) 

we can deduce from (|3.19p that, with e is small enough, 

L'{t) > di (^H{t) + \\u'it)f + \\u{t)\\l, + \u{0,tT + Hl,t)\^) , (3.21) 

for di is a positive constant. The lemma 3.2 is proved completely.B 

Remark 3.1. From the formula of L{t) and the Lemma 3.2, we can choose e small enough such 
that 

L{t) > L(0) > 0, Vt e [0, n). (3.22) 
Now we continue to prove Theorem 3.1. 
Using the inequality 

(ELi < 6^"^ Eti for ah p > 1, and XI, ...,X6 > 0, (3.23) 
we deduce from (^M), (|3lB that 

Li/{i-'?)(t) < Const (H{t) + |(n(t),u'(t))|^/(^~'') + ||u(t)f /(i-*?) 



< 



+|n(0,t)|2/(i~'?) + |u(l,t)|2/(i-^) + |n(0,t)n(l,t)|^/(^"^'')) (3.24) 

Const (/7(t) + |(n(t),u'(t))|^/(^-^) + |u(0,t)|2/(i-'') + |n(l, t)|2/(i-'') + Mt)\\%^^"^^^ . 
On the other hand, by using the Young's inequality 

|(n(t),tx'(t))|^/(^-^) < ||n(t)||i/(i-^)||n'(t)||V(i-r?) 

< Const ||^x(t)||^f ~'')h'(t)||V(i-'?) (3.25) 
< Const (||n(t)||lp + ||n'^^^ii2^ 

where s = 2/(1 -2r])<p by (pmi) . 
Now, we need the following lemma. 

Lemma 3.3. Let 2 < ri < p, 2 < r2 < a, 2 < < 13, we have 
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ii^ii^p + \vmr + mr < 5 {mi + mi, + nor + hi)^) , (3.26) 

for any v G H^. 

Proof of Lemma 3.3. 

(i) We consider two cases for Ht'll^p : 

(1.1) Case 1: ||f||^p < 1 : 
By 2 < ri < p, we have 

\\v\\2, < \\v\\% < Ml < Ml + M% + mr + 1^(1)1'' ^ P[v]- (3.27) 

(1.2) Case 2: > 1 : By 2 < ri < p, we have 

M\2r < M\Ip < pM- (3.28) 

Therefore 

M\2p ^ II^IIlp ^ for any v e H^. (3.29) 

(ii) We consider two cases for \v{0)\ : 

(11.1) Case 1: \v{0)\ < 1 : 
By 2 < r2 < a, we have 

HO)r < b(0)|' < lbllco([o,i]) < 2 ll^^ll? < 2pH. (3.30) 

(11.2) Case 2: |t'(0)| > 1 : By 2 < r2 < a, we have 

\v{0)\'' < \v{OT < p[v]. (3.31) 

Therefore 

|i;(0)ri < 2/>[u], for any v G i/^. (3.32) 

(iii) Similarly 

\v{l)\''^ < 2p[v], for any v G F^. (3.33) 
Combining IK29\i . IK^ . IK^ . we obtain 

M\2p + l^(0)r' + \vil)r < 5p[v] < 5 (^M\l + I^IIlp + l^(0)r + \vi^)\^) , Vt; G H\ (SM) 
Lemma 3.3 is proved completely.B 

Combining (j3.18p . ()3.24p - (j3.26p and using the Lemma 3.2 we obtain 
Li/(i-'?)(t) < Const (^H{t) + ||n'(t)||2 + \\u{t)\\l, + \u{0,tT + Hl,t)\^) , Vt G [0,T,). (3.35) 
This implies that 

L'{t) > d2L^/^^-'^Ht), yt G [0,r,), (3.36) 
where d2 is a positive constant. By integrating (I3.36P over (0, t) we deduce that 

L'^/i^-v)^t) > . — , < t < i^L-''/(i-'')(0). (3.37) 

^ ^ - L-'?/(i-^)(0) - - d2V ^ ^ 

Therefore, p.37p shows that L{t) blows up in a finite time given by 

= i^L-''/(^-'')(0). (3.38) 

Theorem 3.1 is proved completely.B 
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4 Exponential decay 



In this section we show that each solution u of (jl.ip - (|1.4p is global and exponential decay 
provided that /(O) = ||uo||i — II'^oIIlp — l'"o(0)|" — |no(l)|'^ > and E{0) is small enough. 
First, we construct the following Lyapunov functional 



where (5 > is chosen later and 



Put 



m = {u{t),u'{t)) + ^\\u{t)f + ^ \u{0,t)\' + ^ \u{l,t)\' 



m = Iiu{t)) = \\uit)\\l - \\uit)\\% - |n(0,t)r - Hl,t)\^ 



(4.1) 

(4.2) 
(4.3) 



We make the following assumption 



{A'^) hi G (R+) n L2 (M+) , i = 1, 2. 
Then we have the following theorem. 

Theorem 4.1. Assume that (Ai), {A2), {A'^) hold. Let /(O) > and the initial energy E{0) 



satisfies 



,9-2 

with q = min{p, Q,/3}, and 

r = exp 



Aq 



At* {q - 2) 



ho 



L2(M+) 



+ 



h(] 



and Cp is a constant verifying the inequality ||f ||lp < Cp\\v 
Then, there exist positive constants C, 7 such that, for 
we have 

E{t) < Cexp(-7t), for all t > 0. 

Proof. 

First, we need the following lemmas 

Lemma 4.2. The energy functional E(t) satisfies 



2 

L2(K+), 
1, for all V G . 



h, 



L2(R+) 



L2(R+) 



(4.4) 



(4.5) 



sufficiently small, 



(4.6) 



E' (t) < -A \\u' {t)r + 2^ [Kit) + hlit)) \\u mi - l/i, [In' (0, t)\' + \n' (1, t)\ 
Proof of Lemma 4.2. Multiplying (jl.ip by u'{x,t) and integrating over [0, 1], we get 
E' (t) = -A \\u' (t)f - {Ao \u' (0, t)|2 + Ai \u' (1, t)\^ + (Xo + Ai) u' (0, t) u' (1, t)} 

-ho{t)u (0, t) ti' (1, t) - hi{t)u (1, t) (0, t) . 
Again, by lemma 2.2, we have 

Ao|n' (0,t)|VAi|ti'(l,t)|V ('Ao + Ai) u' (0,t)n'(l,t) 



(4.7) 



(4.8) 



> \u' {d,t)f + \u' {i,t)Y 



(4.9) 
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On the other hand 

-ho{t)u{0,t)u'{l,t) < li^,\u'{l,t)f + j-hl{t)\\uit)\\l, (4.10) 

-hi{t)uil,t)u'iO,t) < i^, \u'iO,t)\^ + ^hlit) \\uit)\\l. (4.11) 

Combming (fi^ - (|4.1ip . it is easy to see (fiTT]) holds. 
Lemma 4.2 is proved completely. ■ 

Lemma 4.3. Suppose that (Ai), {A2), (^3) hold. Then, if we have /(O) > and 
then I{t) > 0, Vt > 0. 

Proof of Lemma 4.3. By the continuity of I{t) and /(O) > 0, there exists Ti > such that 

i{u{t)) > 0, vt e [o,ri], (4.13) 

this implies 

At) > ^ \\uml + \m > ^ \\n(t)\\l , Vt G [0,ri], (4.14) 

where 

= I iwml - ^iHmi. - ^K(0'Or - ^^i^a,*)!^- (4.15) 

It follows from (fiJij) . (fiJ5]) that 

\\uml < ^J(t) < ^E{t), yt G [0,ri]. (4.16) 
Combining (j4.7p . (|4.16p and using the Gronwal's inequality we have 

hml < -^Eit) < ^E{0), \/t e [0,ri], (4.17) 

where r as in (14. 5p . 

Hence, it follows from (fiJ2]) . ([CTTl) that 



|n(t)||^, + \u{0,tr + W{l,t)f < C,n|n(t)||? + + ^^^'Mt)fi 

<v*Mmi < \\uit)\\lyte[o,Ti]. 



(4.18) 



Therefore I{t) > 0, Vi G [0, Ti]. 

Now, we put % = sup{r > : I{u{t)) > 0, Vt G [0,r]} . If < +oo then, by the continuity of 
I{t), we have /(T*) > 0. By the same arguments as in above part we can deduce that there exists 
T2 > such that I{t) > 0, Vt G [0,r2]. Hence, we conclude that I{t) > 0, > 0. 

Lemma 4.3 is proved completely.B 

Lemma 4.4. Let /(O) > and (I4.13P hold. Then there exist the positive constants /32 such 
that 

l3iE{t) < C{t) < P2E{t), > 0, (4.19) 

for 6 is small enough. 

Proof of Lemma 4.4. It is easy to see that 



C{t) < \\u' {t)\f + 



1 ,/1 + A , 



\u{t)\\l<(32E{t), (4.20) 
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where 



_2q_ 
q-2 



1 + A , 



(4.21) 



Similarly, we can prove that 



where 



m >'-^\\u' (t)f + i (1 - <5) - - i|n(0,t)r - ^\uil,t)f 



/?! = min <j 1 — (5; 6} > 0, 5 is small enough. 



(4.22) 



(4.23) 



Lemma 4.4 is proved completely.B 

Lemma 4.5. Let 7(0) > and (|4.12p /loW. The functional %lj{t) defined by (14. 2p satisfies 



(t) < \\u' (tW 



ho{t) + hi{t) \\u{t)\\l 



\-rf -ex-2 

+ipo + A?) (|^'(0,t)|VK(l,t)|' 
/or a// ei > 0. 

Proof of Lemma 4.5. By multiplying (jl.ip by u{x,t) and integrating over [0, 1], we obtain 

v^' (i) = \\u' (t)f + iin(t)ii^, + |n(o,t)r + itx(i,t)|/3 - ii^z ml 

' hoit) + /ii(t) ) u (0, t) u (1, t) - Aon' (0, t) u (1, t) - Aiu (0, t) u' (1, t) . 



(4.24) 



(4.25) 



Hence, the lemma 4.5 is proved by using some simple estimates. I 

Now we continue to prove Theorem 4.1. 

It follows from (gl]), (g^]), (gZD and g^D, that 

C'{t) <-{X-6) \\u' 



+ 



^ (hlit) + hl{t)j + 26 hoit) + hi{t) - 5(1 - 7?* - ei) 
+ L'(0,t)|V|n'(l,t)| 



n 



(4.26) 



^1 , 

for all (5, ei > 0. 
Let 

< ei < 1 - T?*. 
Then, for 5 small enough, with < (5 < A and if /iq, hi satisfy 



2 



/if 



-) 



+ 



h^ 



+ 25 



he 



+ 



L°°(M+) 



L°°(M+) 

we deduce from ()4.19p and (j4.26p that there exists a constant 7 > such that 

C'{t) < -7£ (t) , Vt > 0. 
Combining (j4.19p and (|4.29p . we get (|4.6p . Theorem 4.1 is proved completely. 



(4.27) 



<5(l-7?*-ei), (4.28) 



(4.29) 
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5 Numerical results 

Consider the following problem: 

Utt -Uxx + u + Xut = \uf~'^ u + f{x, t), (5.1) 

0<x<l,t>0, with boundary conditions 

r UxiO,t) + \u{0,t)\''-^u{0,t) = XoUtiO,t) + hi{t)u{l,t) + XiUt{l,t) + go{t), 

\ ~ ~ (5-2) 

[ -ux{l, t) + |n(l, t)\^-^ u{l,t) = Xiutil, t) + ho{t)u{0, t) + XoUtiO, t) + gi{t), 

and initial conditions 

u{x,0) = uo{x), ut{x,0) = ui{x), (5-3) 

where A = Aq = Ai = 1, Aq = Ai = p = 3, a = /3 = 4 are constants and the functions So, ui, ho, 
^1) 90 J 9i s-iid / are defined by 

uo{x) = e^, ui{x) = — e^, 

ho{t) = e^-^\ hi{t) = - 



(5.4) 



go{t) = (2 - |)e-* + 2e-3*, 51 (t) = -^e"* 



-e 



I /(x,t) 

The exact solution of the problem (j5.ip - (j5.3p with ^i, /iq, hi, qq, gi and / defined in ([57 
respectively, is the function Uex given by 

C/e,(x,t) = e"-*. (5.5) 

To solve problem ()5.ip - ()5.3p numerically, we consider the differential system for the unknowns 
Uj{t) = u{xj,t), Vj{t) = ^{t), with Xj=jAx,Ax = jj,j = 0,l,...,N: 

' ^W = ^jW' ,J=0,l,...,iV, 

^(t) = - (1 + A^2) Uoit) + iV2c/i(t) - iV/ii(t)C/^(t) 

-(A + NXo)Vo{t) - NXiVNit) + \U,r^ Uo + N\UX~^ Uq - Ngo{t) + fo{t), 
^(t) = N%.i{t) - (1 + 2iV2) U,{t) + Ar2c/,.(t) - Ay,(t) 

(5.6) 

+ \U^\''~^Uj + fj{t),j = l,N-l, 

^{t) = -Nho{t)Uo{t) + N^UN^iit) - (1 + iV2) UN{t) 

-NXoVoit) - (A + iVAi)yjv(t) + |f/^r"' C/jv + iV |t/jv|^~' t/jv - Ngi{t) + /iv(t). 



[ Uj{0) = uoixj), Vj{0) = uiixj), j = 0,N. 

To solve the nonlinear differential system (|5.6p . we use the following linear recursive scheme gen- 
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erated by the nonlinear terms 



dt 



(t) = y.(™)(t),j- = 0,l 



dVr 



- (1 + iV2) + iv2[/M(t) _ Ar/ii(t)[7{;")(t) 

-(A + iVAo)yo^'"^(t)-iVAiy^™)(t) 

\Uim-l)\P-^ Ul^n-l) + ^ |^(^„l)p-2 _ ^^^^^^ ^ ^^^^^^ 

= Ar2[/j")(i) _ (1 + 27V2) ;7j'")(t) + N^u'p\t) - W^"^ it) 



(m) 



+ 



p-2 



(m) 



+ 



-iV/io(t)C/('")(0 + iV2c/(7_\(t) - (1 + iV2) 
-NMvt'\t) - (A + iVAi)Fir^(t) 



?-2 



[/{r-^)-iV5iW + /iv(t), 



^ [/j'")(0) = uo{xj)^ Vp\Q) = ui{xj), j = 0,N,m = 1, 2, .... 



^(m) 



dt 



(m) 
(m) 



(m) 
^0 



L Vn 



(m) 



7]) is equivalent to: 





••• 





1 







••• 





1 







••• 







1 


7 + ai 


ai 


71 (t) 




Si 


ai 


7 "1 




-A 






ai 


7 "1 




-A 


70 (t) 




ai 7 + ai 


^0 


^1 



+ 








^1^ 



■ iV 



and 



u!r\0),ui"'\0),...,uip\0)) = (5o(xo),So(xi),,...,5o(x7v)), 
^J'"^(0),y/'"^(0),...,y^'")(0)) =(5i(xo),5i(xi),,...,ni(x^)), 
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where 

' a, = Ar2, ^ = _1 _ 2Ar2 = _i _ 2ai, 7o(t) = -iV^(t), 7i(t) = -^hxit), 
?o = -A - A^Ao, ?i = -A - A^Ai, = -iVAo, i^i = -iVAi, 



^(m) 



fj(m-l) 



p-2 



(m-1) 



+ j = l,iV-l, 



(5.9) 



{m-l)^ 



(m-1) 

AT 



p-2 



(»n-l) 



N 



+ iV 



(m~l) 

AT 



/3-2 



[/jr"'^-iV5l(t) + /7v(t), 



[ /,(t) = /(x,-,t), i = 0,iV. 
Rewritten (EH) 



where 



Xo = (no(a^o),?to(a;i), , uo(a;Ar), ni(xo), ni(xi), , ...,ui(xAr)) € M2^+2, 
O E ' 



A{t) 



A(t) B 



E 




A{t) 



7 + ai ai 


71 (i) 


«! 7 ai 






7 ai 


70 (i) 


ai 7 + ai 



<5o 


<^i 


-A 






-A 


^0 


^1 



(5.10) 



(5.11) 



(5.12) 



(5.13) 



To solve the linear differential system (j5.10p . we use a spectral method with a time step = 0.08 
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and a spacial step Ax = 0.1 



approximated solution 




Figure 1. Approximated solution 

exact solution 




Figure 2: Exact solution 

In fig. 1 we have drawn the approximated solution of the problem (j5.ip - (j5.3p while fig. 2 
represents his corresponding exact solution (15. 5p . So in both cases we notice the very good decay of 
these surfaces from T = to T = 5. 
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